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On Harmonic and Pseudoharmonic Maps from Strictly
Pseudoconvex CR Manifolds
Tian Chong Yuxin Dong Yibin Ren Guilin Yang
Abstract. In this paper, we give some rigidity results for both harmonic and pseu-
doharmonic maps from CR manifolds into Riemannian manifolds or Ka¨hler manifolds.
Some basicity, pluriharmonicity and Siu-Sampson type results are established for both
harmonic maps and pseudoharmonic maps.
1 Introduction
In 1980, Siu [22] studied the strong rigidity of compact Ka¨hler manifolds by using the
theory of harmonic maps. The basic discovery by Siu was a new Bochner-type formula for
harmonic maps between Ka¨hler manifolds, which does not involve the Ricci curvature tensor
of the domains. Using the modified Bochner formula, he proved that any harmonic maps
from a compact Ka¨hler manifold to a Ka¨hler manifold with strongly semi-negative curvature
are actually pluriharmonic and some curvature terms of the pull-back complexifed tangent
bundles vanish. When the target manifolds are Ka¨hler manifolds with strongly negative
curvature or compact quotients of irreducible bounded symmetric domains, the vanishing
curvature terms, under the assumption of sufficiently high rank, force the maps to be either
holomorphic or anti-holomorphic. Later, Sampson [21] showed that any harmonic maps from
compact Ka¨hler manifolds into Riemannian manifolds with nonpositive Hermitian curvature
are also pluriharmonic, which generalized the pluriharmonicity result of Siu to more general
targets. Pluriharmonic maps, holomorphic maps and Siu-Sampson type results have many
important applications in geometry and topology of Ka¨hler manifolds. The readers are
refered to [25] for details.
In 2002, Petit [17] established some rigidity results for harmonic maps from strictly pseu-
doconvex CR manifolds to Ka¨hler manifolds and Riemannian manifolds by using tools of
Spinorial geometry. First, he proved that any harmonic map from a compact Sasakian man-
ifold to a Riemannian manifold with nonpositive sectional curvature is trivial on the Reeb
vector field. A map with this property will be called basic. Next he proved that under suit-
able rank conditions the harmonic map from a compact Sasakian manifold to a Ka¨hler man-
ifold with strongly negative curvature is CR holomorphic or CR anti-holomorphic. However,
it seems that Petit [17] did not specifically discuss the relevant notions of pluriharmonicity.
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On the other hand, E. Barletta et al. in [1] introduced the so-called pseudoharmonic maps
from CR manifolds which are a natural generalization of harmonic maps. In his thesis [4],
T.-H. Chang discussed some fundamental properties of pseudoharmonic maps.
In this paper, we will establish some rigidity results for both harmoinic maps and pseu-
doharmonic maps from CR manifolds by using the moving frame method. First, we find a
result about the relationship between harmonic maps and pseudoharmonic maps from CR
manifolds, which claims that these two kinds of maps are actually equivalent if the maps
are basic. By the moving frame method, we not only recapture Petit’s result about har-
monic maps from compact Sasakian manifolds to Riemannian manifolds with nonpositive
curvature (Proposition 5.1), but also show that the result is still valid for pseudoharmonic
maps (Theorem 5.1).
The usual Bochner-type formula for the energy density of harmonic maps was given
in [10]. In [4], T.-H. Chang derived the CR Bochner-type formula for the pseudo-energy
density of a pseudoharmonic map φ (Corollary 4.1). Unlike the Bochner formula of harmonic
maps, there is a mixed term i(φiαφ
i
α¯0 − φiα¯φiα0) appearing in the CR Bochner formula for
the pseudoharmonic map. When φ is a function, it is known that the CR Paneitz operator,
which is a divergence of a third order differential operator P , is a useful tool to treat such
kind of term. One important property of the CR Paneitz operator is its nonnegativity
when the dimension of the CR manifold ≥ 5 (cf. [3]). We generalize the operator P to
a differential operator, still denoted by P , acting on maps from a strictly pseudoconvex
CR manifolds into a Riemannian manifold, and establish similar nonnegativity under the
assumptions that the domain CR manifold has dimension ≥ 5 and the target manifold
is of nonpositive Hermitian curvature (Theorem 4.1). This enables us to establish a CR
Bochner-type result for pseudohamonic maps (Theorem 4.2).
As mentioned previously, the notion of ’pluriharmonicity’ is important for Siu-Sampson
type results and other potential applications. We hope to disccuss suitable notion of pluri-
harmonic maps from CR manifolds. On a CR manifolds, we have two canonical connections,
that is, the Levi-Civita connection of the Webster metric and the Tanaka-Webster connec-
tion of the pseudo-Hermitian structure. As a result, there are two kinds of second funda-
mental forms for a map from a CR manifold to a Riemannian manifold: the usual second
fundamental form B and a new second fundamental form β. The later one is defined with
respect to the Tanaka-Webster connection of the domain CR manifold and the Levi-Civita
connection of the target Riemannian manifold (see Section 2). Using B, Ianus and Pastore
[13] defined two kinds of pluriharmonic notions. In [8], Dragomir and Kamishima introduced
the notion of CR pluriharmonic map by means of β. It turns out that a CR pluriharmonic
map is basic and pseudoharmonic, and thus it is harmonic too. In addition, when the target
manifold is Ka¨hler, the CR pluriharmonic maps in [8] are more compatible with the CR
holomorphic maps defined in [11] in the sense that any CR holomorphic maps are automat-
ically CR pluriharmonic. We also discuss the relationships between the CR pluriharmonic
maps and those defined by Ianus and Pastore. Next, using the Siu-Sampson technique, we
prove that any harmonic maps or pseudoharmonic maps from compact Sasakian manifolds
to Riemannian manifolds with nonpositive Hermitian curvature or Ka¨hler manifolds with
strong semi-negative curvature are CR pluriharmonic (Theorems 6.1, 6.2). If the target is
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a Ka¨hler manifold with strongly negative curvature and the rank of the map ≥ 3 at some
point, then the harmonic map or the pseduoharmonic map is CR holomorphic or CR anti-
holomorphic (Theorem 7.2). In [17], the author announced a similar result for harmonic
maps using different technique. When the target is a locally Hermitian symmetric space of
noncompact type whose universal cover does not contain the hyperbolic plane as a factor,
we show that the harmonic maps or pseudoharmonic maps are CR holomorphic under some
explicit rank conditions (Theorem 7.1). These generalize some similar results in [5] to the
CR case. To derive the above results, we also investigate the conic extensions of harmonic
maps, CR pluriharmonic maps and CR holomorphic maps from Sasakian manifolds respec-
tively, and establish also a unique continuation theorem for CR holomorphicity (Proposition
7.3). Using a technique in [18], we consider harmonic maps and pseudoharmonic maps from
complete noncompact CR manifolds too. Under some decay conditions, some basicity and
pluriharmonicity results are given.
Finally, we would like to mention that the second author [7] has established similar
rigidity results including Siu type results for pseudoharmonic maps between CR manifolds.
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2 Preliminaries
2.1 Pseudohermitian structures
A smooth manifold M of real (2m+ 1)-dimension is said to be a CR manifold (of type
(m,1)) if there exists a smooth m-dimensional complex subbundle T1,0M of the complexifed
tangent bundle TCM = TM ⊗ C, such that
T1,0M ∩ T0,1M = {0}
and
[Γ∞(T1,0M),Γ∞(T1,0M)] ⊆ Γ∞(T1,0M),
where T0,1M = T1,0M . The subbundle T1,0M is called a CR structure on M . Equivalently,
the CR structure may also be described by the real subbundleH(M) = Re{T1,0M⊕T0,1M},
which carries a complex structure J : H(M)→ H(M) given by
J(Z + Z¯) =
√−1(Z − Z¯)
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for any Z ∈ T1,0M .
Hereafter we assume M is orientable. Set
Ex = {ω ∈ T ∗xM : Ker(ω) ⊇ H(M)x},
for any x ∈ M . Then E → M becomes an orientable real line subbundle of the cotangent
bundle T ∗M , and thus there exist globally defined nonvanishing sections θ ∈ Γ∞(E). Any
such a section θ is called a pseudo-Hermitian structure on M . The Levi form Gθ of θ is
defined by
Gθ(X,Y ) = dθ(X,JY )
for any X,Y ∈ H(M). An orientable CR manifold endowed with a pseudo-Hermitian
structure is called a pseudo-Hermitian manifold. A pseudo-Hermitian manifold (M,J, θ) is
said to be a strictly pseudoconvex CR manifold if Lθ is positive definite. Standard examples
for strictly pseudoconvex CR manifolds are the odd-dimensional spheres and the Heisenberg
groups.
From now on, we always assume (M,J, θ) is strictly pseudoconvex. Consequently there
exists a unique nonvanishing vector field T on M , transverse to H(M), satisfying θ(T ) = 1
and Tydθ = 0. The vector field T is referred to as the characteristic direction or the Reeb
field of (M,J, θ). Extending J on TM by JT = 0, we can extend Lθ on TM by the same
formula as above. This allows us to define a Riemannian metric gθ, called the Webster
metric, as follows:
gθ(X,Y ) = Gθ(piHX,piHY ) + θ(X)θ(Y ),
for any X,Y ∈ TM , where piH : TM → H(M) is the natural projection. Then the two-form
Ω defined by Ω(X,Y ) = gθ(X,JY ) coincides with the two-form −dθ.
On a strictly pseudoconvex CR manifold, there exists a canonical connection preserving
both the CR structure and the Webster metirc.
Proposition 2.1. (cf. [9, 24, 27]) Let (M,J, θ) be a strictly pseudoconvex CR manifold
and gθ the Webster metric of (M,J, θ). Then there exists a unique linear connection ∇ on
TM , called the Tanaka-Webster connection, such that:
(1) the Levi distribution H(M) is parallel with respect to ∇;
(2) ∇gθ = 0, ∇J = 0, ∇θ = 0 (hence ∇T = 0);
(3) the torsion T∇ of ∇ satisfies T∇(X,Y ) = −Ω(X,Y )T and T∇(T, JX) = −JT∇(T,X),
for any X,Y ∈ H(M).
Unlike the Levi-Civita connection, the torsion T∇ of the Tanaka-Webster connection
∇ is always non zero. The TM -valued 1-form τ , defined by τ(X) = T∇(T,X), for any
X ∈ T (M), is called the pseudo-Hermitian torsion of ∇. Note that τ is self-adjoint and
trace-free with respect to the Webster metric gθ (cf. Chapter 1 of [9]).
Definition 2.1. A strictly pseudoconvex CR manifold is called a Sasakian manifold if its
pseudo-Hermitian torsion is zero.
Choose a local orthonormal CR frame field {e0 = T, e1, · · · , em, Je1, · · · , Jem} on M .
Set
Tα =
1√
2
(eα −
√−1Jeα), Tα¯ = 1√
2
(eα +
√−1Jeα),
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then {Tα} is a local unitary frame of T1,0M . Let {θ, θα, θα¯} be the dual frame field of
{T, Tα, Tα¯}. Clearly Proposition 2.1 implies that there exist uniquely defined complex 1-
forms θαβ ∈ Γ∞(T ∗M)⊗ C such that
∇Tα = θβα ⊗ Tβ , ∇Tα¯ = θβ¯α¯ ⊗ Tβ¯,
where θα¯
β¯
= θαβ . These are the connection 1-forms of the Tanaka-Webster connection ∇. Set
τ(Tα) = A
β¯
αTβ¯, and A(Tα, Tβ) = gθ(τ(Tα), Tβ) = Aαβ, then Aαβ = A
γ¯
αδγβ = A
β¯
α. We denote
τα = Aα
β¯
θβ¯, then τ = τα ⊗ Tα + τ α¯ ⊗ Tα¯. Write Rαβ¯λµ¯ = gθ(R(Tλ, Tµ¯)Tα, Tβ¯) = δγβRβαλµ¯.
Lemma 2.1. (cf. [9, 27]) The structure equations for the Tanaka-Webster connection of
(M,θ, J) in terms of local orthonormal CR coframe field {θ, θα, θα¯} are
dθ =
√−1δαβθα ∧ θβ¯,
dθα = θβ ∧ θαβ + θ ∧ τα, θβα + θα¯β¯ = 0, (2.1)
dθαβ = −θαγ ∧ θγβ +Παβ ,
where
Παβ = R
α
βγδ¯θ
γ ∧ θδ¯ +Wαβγθγ ∧ θ −Wαβγ¯θγ¯ ∧ θ +
√−1θβ ∧ τα −
√−1τβ ∧ θα, (2.2)
and
W βαγ¯ = h
δ¯βAγ¯δ¯,α, W
β
αγ = h
δ¯βAαγ,δ¯, τα = hαβ¯τ
β¯, θα = hαβ¯θ
β¯, (2.3)
where R denote the curvature tensor of ∇.
From (2.1), one may derive that (cf. [27]): Rαβ¯λµ¯ = Rλβ¯αµ¯. The pseudo-Hermitian
Ricci tensor is given by Rλµ¯ = R
α
λαµ¯ = R
α
αλµ¯.
For a strictly pseudoconvex CR manifold (M2m+1, J, θ), we denote by∇θ the Levi-Civita
connection of the Webster metric gθ. From Lemma 1.3 of [9], we know the relation between
the Tanaka-Webster connection ∇ and Levi-Civita connection ∇θ of (M,J, θ):
∇θ = ∇+ (1
2
Ω−A)⊗ T + τ ⊗ θ + 1
2
θ ⊙ J, (2.4)
where A(X,Y ) = gθ(τX, Y ), (θ ⊙ J)(X,Y ) = θ(X)JY + θ(Y )JX (cf. also [15]). By (2.4),
we have
∇θXT = τ(X) +
1
2
JX.
In particular, ∇θTT = 0. If X,Y ∈ H(M), then
∇θXY = ∇XY + [
1
2
Ω(X,Y )−A(X,Y )]T. (2.5)
Lemma 2.2. For any local orthonormal CR frame field {eA}2mA=0, we have
2m∑
A=0
∇θeAeA =
2m∑
A=0
∇eAeA. (2.6)
In particular, we get
2m∑
A=1
∇θeAeA =
2m∑
A=1
∇eAeA. (2.7)
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Proof. By (2.4), we have
2n∑
A=0
∇θeAeA −
2n∑
A=0
∇eAeA = −trace(τ)T = 0.
Since ∇θTT = ∇TT = 0, (2.7) is valid.
As a result of Lemma 2.2, we have
Lemma 2.3. Let (M,J, θ) be a strictly pseudoconvex CR manifold and let X be any vector
field on M . Then
divX =
2n∑
A=0
gθ(∇eAX, eA).
where ∇ is the Tanaka-Webster connection of M and {eA}2mA=0 is a local orthonormal CR
frame field on M . In particular, if X ∈ H(M), then
divX =
2n∑
A=1
gθ(∇eAX, eA).
2.2 Harmonic maps and pseudoharmonic maps
Let (M,J, θ) be a strictly pseudoconvex CR manifold with the Tanaka-Webster connec-
tion ∇ and let (N,h) be a Riemannian manifold with Levi-Civita connection ∇h. For a
smooth map φ :M → N , there are two induced connections ∇θ⊗φ−1∇h and ∇⊗φ−1∇h on
T ∗M ⊗φ−1TN . Using these two connections, one may define the usual second fundamental
form B and a new second fundamental form β (cf. [17]) for the map φ as follows:
B(X,Y ) = ∇hY (dφ(X)) − dφ(∇θYX) (2.8)
and
β(X,Y ) = ∇hY (dφ(X)) − dφ(∇YX), (2.9)
where φ−1∇h is written as ∇h for simplicity. Due to Lemma 2.2, we have
tracegθB = tracegθβ. (2.10)
Recall that a map φ is called harmonic if τ θ(φ) := tracegθB = 0 (cf. [10]). As a result of
(2.10), the harmonicity of φ can also be defined by β. Note that the most advantage of
using ∇ in (2.9) is that the Tanaka-Webster connection preserves the CR structure; a little
disadvantage of using ∇ is that β is no longer symmetric. However, we will see that the
non-symmetry of β may also lead to some unexpected geometric consequences.
For any bilinear form C on TM , we denote by piHC the restriction of C toH(M)⊗H(M).
Definition 2.2. A map φ : (M2m+1, J, θ)→ (N,h) from a strictly pseudoconvex CR man-
ifold to a Riemannian manifold is called a pseudoharmonic map if it is a critical point of
the following pseudo-energy functional
EH(φ) =
∫
M
eH(φ)Ψ (2.11)
where eH(φ) =
1
2traceGθ(piHφ
∗h) is the pseudo-energy density of φ and Ψ = θ ∧ (dθ)m is
the volume form of gθ.
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Proposition 2.2. (cf. [1, 9]) Let φ : (M2m+1, J, θ) → (N,h) be a smooth map from a
strictly pseudoconvex CR manifold to a Riemannian manifold. Let τ(φ) be pseudo-tensor
field of φ defined by
τ(φ) = traceGθ (piHβ). (2.12)
Then φ is pseudoharmonic if and only if τ(φ) = 0.
From Lemma 2.2, it is easy to see that
τ(φ) = traceGθ(piHB). (2.13)
Definition 2.3. A smooth map φ : (M2m+1, J, θ)→ (N,h) is called basic if dφ(T ) = 0.
Proposition 2.3. Let φ : (M,J, θ)→ (N,h) be a smooth map. Assume that ∇hT (dφ(T )) =
0, that is, dφ(T ) is parallel in the direction T with respect to the pull-back connection φ−1∇h.
Then τ θ(φ) = τ(φ); and thus φ is harmonic if and onlu if φ is pseudoharmonic.
Proof. Choose a local orthonormal CR frame field {eA}2nA=0 = {T, e1, e2 · · · , e2n}. Using
Lemma 2.2 and the assumption, we compute
τ θ(φ) =
2n∑
A=1
[∇heA(dφ(eA))− dφ(∇θeAeA)] +∇hT (dφ(T ))
=
2n∑
A=1
[∇heA(dφ(eA))− dφ(∇eAeA)]
= τ(φ). (2.14)
Corollary 2.1. Let φ : (M2m+1, J, θ)→ (N,h) be a baisc map. Then φ is harmonic if and
only if φ is pseudoharmonic.
Definition 2.4. Let φ : (M,J, θ) → (N,h) be a smooth map from a strictly pseudoconvex
CR manifold into a Riemannian manifold. We say that
(i) ([13]) φ is J-pluriharmonic, if B(X,Y ) +B(JX, JY ) = 0, for any X,Y ∈ TM
(ii) ([13]) φ is H-pluriharmonic, if B(Z,W ) +B(JZ, JW ) = 0, for any Z,W ∈ H(M);
(iii) φ is B-pluriharmonic, if B(T, T ) = 0 and B(Z,W ) +B(JZ, JW ) = 0, for any Z,W ∈
H(M);
(iv) ([8]) φ is CR pluriharmonic, if β(Z,W ) + β(JZ, JW ) = 0, for any Z,W ∈ H(M);
(v) ([11]) When (N,h) is a Ka¨hler manifold with complex structure J ′, φ is called a CR
holomorphic (resp. CR anti-holomorphic) map, if
dφ ◦ J = J ′ ◦ dφ, (resp. dφ ◦ J = −J ′ ◦ dφ). (2.15)
Remark 2.1. (1) The concepts of J-pluriharmonic map and H-pluriharmonic map were
introduced by Ianus and Pastore in [13] where J and H(M) are denoted by ϕ and D respec-
tively. And they proved that the J-pluriharmonic maps are harmonic.
(2) Dragomir and Kamishima in [8] introduced the notion of CR pluriharmonic maps
under the name of ∂¯-pluriharmonic map, and then they proved that every CR pluriharmonic
map is a pseudoharmonic map.
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(3) In [11] the authors introduced the notion of CR holomorphic map under the name
of the (J, J ′)-holomorphic map. They proved that the CR holomorphic map is harmonic. If
(M,g, J) is a Ka¨hler manifold, (N,h) is a Riemannian manifold and the map φ : M → N
satisfies
B(X,Y ) +B(JX, JY ) = 0,
for any X,Y ∈ TM , then the map φ is called a pluriharmonic map (cf. [6, 26]).
Obviously, J-pluriharmonicity implies B-pluriharmonicity, and B-pluriharmonicity im-
plies H-pluriharmonicity. Both J-pluriharmonic maps and B-pluriharmonic maps are har-
monic. By (2.12) and (2.13), both the CR pluriharmonic map and the H-pluriharmonic
map are pseudoharmonic.
Proposition 2.4. (i) (cf. [8]) If φ : (M,J, θ) → (N,h) is CR pluriharmonic, then φ is a
basic and pseudoharmonic map. Moreover, φ is B-pluriharmonic too.
(ii) If φ : (M,J, θ)→ (N,h) is baisc and H-pluriharmonic, then φ is CR pluriharmonic.
Proof. (i) For any Z = X −√−1JX,W = Y −√−1JY ∈ T1,0M , we have
β(Z,W ) = β(X,Y ) + β(JX, JY ) +
√−1[β(X,JY )− β(JX, Y )], (2.16)
thus we get that φ is CR pluriharmonic if and only if (piHβ)
(1,1) = 0. Thus the CR
pluriharmonic map is pseudoharmonic.
On the other hand, we have
0 = β(Z,W )− β(W,Z)
= dφ(T∇(Z,W ))
= −Ω(Z,W )dφ(T )
=
√−1gθ(Z,W )dφ(T ). (2.17)
If we take Z =W 6= 0, then gθ(Z,W ) 6= 0, thus we have dφ(T ) = 0.
For any X,Y ∈ H(M), by (2.5) and A(JY, JX) = A(Y,X), we have
B(X,Y ) +B(JX, JY ) = β(X,Y ) + β(JX, JY )− Ω(Y,X)dφ(T ). (2.18)
Thus if φ is baisc, then the CR pluriharmonic map φ is B-pluriharmonic.
(ii) This can be proved by (2.18).
Proposition 2.5. Suppose φ : (M,J, θ) → (N,h, J ′) is a CR ±holomorphic map from a
strictly pseudoconvex CR manifold M into a Ka¨hler manifold N . Then φ is CR plurihar-
monic.
Proof. Suppose φ is CR holomorphic map. For any X,Y ∈ H(M), we have
β(JX, Y ) = ∇hY (φ(JX)) − dφ(∇Y JX)
= ∇hY (J ′dφ(X)) − dφ(J(∇YX))
= J ′∇hY (dφ(X)) − J ′dφ(∇YX)
= J ′β(X,Y ). (2.19)
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Since J ′dφ(T ) = dφ(JT ) = 0, we get that φ is baisc. Because of β(X,Y ) − β(Y,X) =
−Ω(X,Y )dφ(T ), we have that β is symmetric on H(M)⊗H(M). Thus we derive
β(JX, JY ) = J ′β(X,JY ) = J ′β(JY,X) = −β(Y,X) = −β(X,Y ).
Therefore, the map φ is CR pluriharmonic. If φ is CR anti-holomorphic map, the conclusion
can be proved in a similar way.
3 Commutative relations
Let φ : (M2m+1, J, θ)→ (Nn, h) be a smooth map from a strictly pseudoconvex CR man-
ifold into a Riemannian manifold. Choose a local orthonormal CR coframe field {θ, θα, θα¯}
on M and a local orthonormal coframe field {ωi} on N . Throughout this paper we will
employ the index conventions
A,B,C = 0, 1, · · · ,m, 1¯, · · · , m¯,
α, β, γ = 1, · · · ,m,
i, j, k = 1, · · · , n,
and use the summation convention on repeating indices. The structure equations for the
Riemannian connection of (N,h) in terms of local orthonormal frame {ωi} are
dωi = −ωij ∧ ωj, ωij + ωji = 0,
dωij = −ωik ∧ ωkj +Ωij, (3.1)
where Ωij =
1
2
fiRijklωk ∧ ωl are the components of the curvature form of ∇h.
Under the map φ :M → N , we have
φ∗ωi = φiαθ
α + φiα¯θ
α¯ + φi0θ. (3.2)
Hereafter we will drop φ∗ in such formulas when their meaning are clear from context. By
taking the exterior derivative of (3.2) and making use of the structure equations (2.1)-(2.3)
and (3.1), we get
DφiB ∧ θB +
√−1φi0θα ∧ θα¯ − φiαAα¯β¯θβ¯ ∧ θ − φiα¯Aαβθβ ∧ θ = 0, (3.3)
where
Dφiα = dφ
i
α − φiβθβα + φjαωij = φiαBθB, (3.4)
Dφiα¯ = dφ
i
α¯ − φiβ¯θβ¯α¯ + φjα¯ωij = φiα¯BθB, (3.5)
Dφi0 = dφ
i
0 + φ
j
0ω
i
j = φ
i
0Bθ
B. (3.6)
From (3.3) it follows that
φiαβ = φ
i
βα, φ
i
αβ¯ − φiβ¯α =
√−1δαβφi0, φi0α − φiα0 = φiβ¯Aβα. (3.7)
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Then the map φ is harmonic if and only if
φiαα¯ + φ
i
α¯α + φ
i
00 = 0,
and φ is pseudoharmonic if and only if
φiαα¯ + φ
i
α¯α = 0.
Differentiating the equation (3.4) and using the structure equations in M and N , we
have
DφiαB ∧ θB +
√−1φiα0θβ ∧ θβ¯ − φiαβAβ¯γ¯θγ¯ ∧ θ − φiαβ¯Aβγθγ ∧ θ = −φiβΠβα + φjαΩij, (3.8)
where
Dφiαβ = dφ
i
αβ − φiαγθγβ − φiγβθγα + φjαβωij = φiαβBθB,
Dφiαβ¯ = dφ
i
αβ¯ − φiαγ¯θγ¯β¯ − φiγβ¯θγα + φ
j
αβ¯
ωij = φ
i
αβ¯Bθ
B,
Dφiα0 = dφ
i
α0 − φiγ0θγα + φjα0ωij = φiα0BθB.
From (3.8), we get the following commutative relations
φiαβγ = φ
i
αγβ − φjαφkβφlγ‘Rijkl +√−1φiβAαγ −√−1φiγAαγ , (3.9)
φiαβ¯γ¯ = φ
i
αγ¯β¯ − φjαφkβ¯φlγ¯‘Rijkl +
√−1δαβφiλAλ¯γ¯ −
√−1δαγφiλAλ¯β¯ , (3.10)
φiαβγ¯ = φ
i
αγ¯β − φjαφkβφlγ¯‘Rijkl + φiλRλαβγ¯ +√−1δβγφiα0, (3.11)
φiαβ0 = φ
i
α0β − φjαφkβφl0‘Rijkl + φiγAαβ,γ − φiαγ¯Aγβ, (3.12)
φiαβ¯0 = φ
i
α0β¯ − φjαφkβ¯φl0‘Rijkl − φiγAβ¯γ¯,α − φiαγAγ¯β¯, (3.13)
where ‘Rijkl = fiRijkl ◦ φ.
Since the formula (3.5) is the complex conjugate of (3.4), then, after taking the exterior
derivative of (3.5) and using the structure equations, we find that the complex conjugate of
formulas (3.9)-(3.13) are valid too.
Similarly the exterior derivative of (3.6) yields that
Dφi0B ∧ θB +
√−1φi0θα ∧ θα¯ − φiαAα¯β¯θβ¯ ∧ θ − φiα¯Aαβθβ ∧ θ = φj0Ωij , (3.14)
where
Dφi0α = dφ
i
0α − φi0βθβα + φj0αωij = φi0αBθB,
Dφi0α¯ = dφ
i
0α¯ − φi0β¯θβ¯α¯ + φj0α¯ωij = φi0α¯BθB,
Dφi00 = dφ
i
00 + φ
j
00ω
i
j = φ
i
00Bθ
B.
We get from (3.14) the commutative relations
φi0αβ = φ
i
0βα − φj0φkαφlβ‘Rijkl, (3.15)
φi0αβ¯ = φ
i
0β¯α − φj0φkαφlβ¯‘Rijkl +
√−1δαβφi00, (3.16)
φi00α = φ
i
0α0 − φj0φk0φlα‘Rijkl + φi0β¯Aβα. (3.17)
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From (3.7), we can derive:
φiαβ¯γ = φ
i
β¯αγ +
√−1δαβφi0γ , (3.18)
φiαβ¯γ¯ = φ
i
β¯αγ¯ +
√−1δαβφi0γ¯ , (3.19)
φi0αβ = φ
i
α0β + φ
i
γ¯βAγα + φ
i
γ¯Aγα,β , (3.20)
φi0αβ¯ = φ
i
α0β¯ + φ
i
γ¯β¯Aγα + φ
i
γ¯Aγα,β¯ . (3.21)
If (N,h) is a Ka¨hler manifold, we choose a local orthonormal coframe field {ωi, ωi¯}
on N . The structure equations for the Riemannian connection of (N,h) in terms of local
orthonormal frame {ωi, ωi¯} are
dωi = −ωij ∧ ωj , ωij + ωj¯i¯ = 0,
dωij = −ωik ∧ ωkj +Ωij,
(3.22)
where Ωij =
fiRi
jkl
ωk ∧ ω l¯. Similar to the above discussions, we may obtain the following
commutative formula:
φiαβ¯γ¯ = φ
i
αγ¯β¯ − φjαφkβ¯φl¯γ¯‘Rijkl + φjαφkγ¯φl¯β¯‘Rijkl +
√−1δαβφiλAλ¯γ¯ −
√−1δαγφiλAλ¯β¯.(3.23)
4 CR Bochner type result
Let (M2m+1, J, θ) be a compact strictly pseudoconvex CR manifold. In [12, 14] the
authors introduced the following differential operator acting on functions
Pf =
∑
(fα¯αβ +
√−1mAβαfα¯)θβ = (Pβf)θβ,
which charecterizes CR pluriharmonic functions on M . In [3] S.-C. Chang and H.-L.Chiu
discussed the CR Paneitz operator
P0f = 4[δb(Pf) + δ¯b(P¯ f)],
where δb is the divergence operator that take (1, 0)-forms to functions, and they proved that
when m ≥ 2, the corresponding CR Paneitz operator is always nonnegative, that is
∫
M
P0f · fΨ ≥ 0,
where Ψ is the volume form of gθ.
Now we want to generalize the operator P to an operator, still denoted by P , acting on
maps from strictly pseudoconvex CR manifolds into Riemannian manifolds. We will estab-
lish similar nonnegative property for the generalized operator P under suitable condition.
Suppose φ : (M2m+1, θ, J) → (Nn, h) is a smooth map from a strictly pseudoconvex CR
manifold M into a Riemannian manifold N . We choose a local orthonormal CR coframe
field {θ, θα, θα¯} on M , a local orthonormal frame field {Ei} on N . We still use the notaions
of the last section. Define
Pφ = (P jβφ)θ
β ⊗ Ej,
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where P jβφ = φ
j
α¯αβ +
√−1mAβαφjα¯.
Let
θW1 = φ
i
αφ
i
α¯β¯θ
β¯ + φiα¯φ
i
αβθ
β + φiαφ
i
α¯βθ
β + φiα¯φ
i
αβ¯θ
β¯. (4.1)
Evidently the 1-form θW1 , which is a well-defined on M , is the 1-form corresponding
to the horizontal gradient ∇H(eH(φ)) of eH(φ), where ∇H(eH(φ)) = ΠH∇(eH(φ)) and
gθ(∇eH(φ),X) = X(eH (φ)) for any X ∈ χ(M).
Lemma 4.1. Set flRijkl = gipfiRpjkl = δipfiRpjkl = fiRijkl. Then
divθW1 = 2(|φiαβ |2 + |φiαβ¯ |2) + 〈〈dbφ,∇bτ(φ)〉〉 + 2φiαφiβ¯Ricα¯β
−√−1m(φiαφiβAα¯β¯ − φiα¯φiβ¯Aαβ)− 2
√−1(φiαφiα¯0 − φiα¯φiα0)
−2(φiα¯φjβφkαφlβ¯’Rijkl + φiαφjβφkα¯φlβ¯’Rijkl), (4.2)
where ∇bτ(φ) = (φiαα¯β + φiα¯αβ)θβ ⊗Ei + (φiαα¯β¯ + φiα¯αβ¯)θβ¯ ⊗Ei, and 〈〈·, ·〉〉 is the metric in
T ∗M ⊗ φ−1TN induced by gθ and h.
Proof. Using Lemma 2.3 and the commutative relations in Section 3, we compute
divθW1 = (φ
i
αφ
i
α¯β¯),β +(φ
i
α¯φ
i
αβ),β¯ +(φ
i
αφ
i
α¯β),β¯ +(φ
i
α¯φ
i
αβ¯),β
= φiαβφ
i
α¯β¯ + φ
i
αφ
i
α¯β¯β + φ
i
α¯β¯φ
i
αβ + φ
i
α¯φ
i
αββ¯ + φ
i
αβ¯φ
i
α¯β + φ
i
αφ
i
α¯ββ¯
+φiα¯βφ
i
αβ¯ + φ
i
α¯φ
i
αβ¯β
= 2(|φiαβ |2 + |φiαβ¯ |2) + 〈〈dbφ,∇bτ(φ)〉〉 + 2φiαφiβ¯Ricα¯β −
√−1m(φiαφiβAα¯β¯
−φiα¯φiβ¯Aαβ)− 2
√−1(φiαφiα¯0 − φiα¯φiα0)− 2(φiα¯φjβφkαφlβ¯’Rijkl + φiαφjβφkα¯φlβ¯’Rijkl).
From (3.7), (3.11) and (3.19), we get immediately the following Lemmas 4.2, 4.3 and
4.4.
Lemma 4.2.
√−1(φiαφiα¯0 − φiα¯φiα0) =
2
m
〈〈Pφ+ Pφ, dbφ〉〉 − 1
m
〈〈dbφ,∇bτ(φ)〉〉
+
√−1(φiαφiβAα¯β¯ − φiα¯φiβ¯Aαβ). (4.3)
Thus we have
Corollary 4.1.
divθW0 = 2(|φiαβ |2 + |φiαβ¯ |2) + (1 +
2
m
)〈〈dbφ,∇bτ(φ)〉〉 + 2φiαφiβ¯Ricα¯β
−√−1(m+ 2)(φiαφiβAα¯β¯ − φiα¯φiβ¯Aαβ)−
4
m
〈〈Pφ + Pφ,∇bφ〉〉
−2(φiα¯φjβφkαφlβ¯’Rijkl + φiαφjβφkα¯φlβ¯’Rijkl), (4.4)
Remark 4.1. Since divθW1 = ∆b(eH(φ)), the formula (4.2) and (4.4) are both called the
CR Bochner formulae.
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Integrating both sides of (4.3) and using the divergence theorem, we get
√−1
∫
M
(φiαφ
i
α¯0 − φiα¯φiα0)Ψ =
2
m
∫
M
〈〈Pφ+ Pφ, dbφ〉〉Ψ+ 1
m
∫
M
|τ(φ)|2Ψ
+
√−1
∫
M
(φiαφ
i
βAα¯β¯ − φiα¯φiβ¯Aαβ)Ψ. (4.5)
Lemma 4.3.
√−1
∫
M
(φiαφ
i
α¯0 − φiα¯φiα0)Ψ = m
∫
M
(φi0)
2Ψ−√−1
∫
M
(φiαφ
i
βAα¯β¯ − φiα¯φiβ¯Aαβ)Ψ. (4.6)
Lemma 4.4.
2
∫
M
φiαφ
i
β¯Ricα¯βΨ = −2
∫
M
(|φiαβ |2 − |φiαβ¯ |2)Ψ +
√−1m
∫
M
(φiαφ
i
α¯0 − φiα¯φiα0)Ψ
+2
∫
M
φiαφ
j
α¯φ
k
β¯φ
l
β
’RijklΨ. (4.7)
Integrating (4.2) on M and substituting (4.7) into it, we have
0 = 4
∫
M
|φiαβ¯ |2Ψ−
∫
M
|τ(φ)|2Ψ+√−1(m− 2)
∫
M
(φiαφ
i
α¯0 − φiα¯φiα0)Ψ
−√−1m
∫
M
(φiαφ
i
βAα¯β¯ − φiα¯φiβ¯Aαβ)Ψ
−2
∫
M
(φiα¯φ
j
βφ
k
αφ
l
β¯
’Rijkl + φiαφjβφkα¯φlβ¯’Rijkl − φiαφjα¯φkβ¯φlβ’Rijkl)Ψ.
By the Bianchi identity, we find
− φiαφjα¯φkβ¯φlβ’Rijkl = φiαφjα¯φkβ¯φlβ(’Riklj +’Riljk)
= φiαφ
j
β¯
φkβφ
l
α¯
’Rijkl + φiαφjβφkα¯φlβ¯’Rijkl
= −φiα¯φjβφkαφlβ¯’Rijkl + φiαφjβφkα¯φlβ¯’Rijkl.
Hence
0 = 4
∫
M
|φiαβ¯ |2Ψ−
∫
M
|τ(φ)|2Ψ+√−1(m− 2)
∫
M
(φiαφ
i
α¯0 − φiα¯φiα0)Ψ
−√−1m
∫
M
(φiαφ
i
βAα¯β¯ − φiα¯φiβ¯Aαβ)Ψ− 4
∫
M
φiαφ
j
βφ
k
α¯φ
l
β¯
’RijklΨ. (4.8)
Calculating (4.5)×(m − 1)−(4.6) and substituting the result into the above formula, we
have
0 = 4
∫
M
|φiαβ¯ |2Ψ−
1
m
∫
M
|τ(φ)|2Ψ−m
∫
M
(φi0)
2Ψ+
2(m− 1)
m
∫
M
〈〈Pφ+ Pφ, dbφ〉〉Ψ
−4
∫
M
φiαφ
j
βφ
k
α¯φ
l
β¯
’RijklΨ. (4.9)
Since
|φiαβ¯ |2 ≥
1
m
|
∑
φiαα¯|2 =
1
4m
|τ(φ)|2 + m
4
(φi0)
2,
we conclude
−
∫
M
〈〈Pφ + Pφ, dbφ〉〉Ψ ≥ − 2m
m− 1
∫
M
φiαφ
j
βφ
k
α¯φ
l
β¯
’RijklΨ. (4.10)
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Definition 4.1. (cf. [21]) A Riemannian manifold (Nn, h) is said to have nonpositive
Hermitian curvature if
Rijklu
ivj u¯kv¯lΨ ≤ 0, (4.11)
for any complex vectors u and v.
From (4.10), we have
Theorem 4.1. Let (M2m+1, J, θ) be a compact strictly pseudoconvex CR manifold with
m ≥ 2 and (N,h) be a Riemannian manifold with nonpositive Hermitian curvature. Suppose
φ :M → N is a smooth map, then
−
∫
M
〈Pφ+ Pφ, dbφ〉Ψ ≥ 0.
Let’s denote
Ric(X,Y ) = Rαβ¯X
αY β¯,
T or(X,Y ) =
√−1(Aα¯β¯Xα¯Y β¯ −AαβXαY β),
where X = XαTα, Y = Y
βTβ and Rαβ¯ = R
γ
γαβ¯
is the pseudo-Hermitian Ricci curvature of
M . We denote (∇bφi)C = φiαTα.
Theorem 4.2. Let (M2m+1, J, θ) be a compact strictly pseudoconvex CR manifold with
m ≥ 2 and (N,h) be a Riemannian manifold with nonpositive Hermitian curvature. Let
φ :M → N be a pseudoharmonic map. Suppose thatÄ
2Ric− (m+ 2)Tor
ä
(Z,Z) ≥ 0, (4.12)
for any Z ∈ Γ∞(T1,0M), then
(i) φ is horizontal totally geodesic, that is φiαβ = φ
i
αβ¯
= 0. In particular, φ is baisc;
(ii)If
Ä
2Ric− (m+ 2)Tor
ä
(Z,Z) > 0 at one point in M , then φ is constant.
Proof. (i) By (4.4), we have
0 = 2
∫
M
(|φiαβ |2 + |φiαβ¯|2)Ψ− (1 +
2
m
)
∫
M
|τ(φ)|2Ψ− 4
m
∫
M
〈Pφ+ Pφ, dbφ〉Ψ
+
∫
M
(2Ric− (m+ 2)Tor)((∇bφi)C,∇bφi)C)Ψ
−2
∫
M
(φiα¯φ
j
βφ
k
αφ
l
β¯
’Rijkl + φiαφjβφkα¯φlβ¯’Rijkl)Ψ.
By Theorem 4.1, the CR Paneitz operator from M into N is nonnegative. Because of the
curvature condition of N , the last term of the above formula is nonnegative. Since (4.11)
and φ is pseudoharmonic, we get
0 ≥
∫
M
(|φiαβ |2 + |φiαβ¯ |2)Ψ.
Hence φiαβ = φ
i
αβ¯
= 0. From φi
αβ¯
= 0, we see that φ is CR pluriharmonic, so φ is baisc.
(ii) Since φ is baisc and pseudoharmonic, by Proposition 2.3, we have that φ is harmonic.
By the curvature condition ofM , we have (∇bφi)C = 0 in some neigberhood U of that point.
Thus we get φ is constant in U . It follows from the unique continuation theorem (cf. [20])
that φ is constant on M .
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Remark 4.2. If the manifold M in Theorem 4.2 is Sasakian and Ric(Z,Z) ≥ 0, we have
β ≡ 0.
5 Basicity of harmonic and pseudoharmonic maps
Suppose φ : (M2m+1, J, θ) → (N,h) is a smoooth map from a strictly pseudoconvex
CR manifold into a Riemannian manifold. We choose the orthonormal CR coframe field
{θ, θα, θα¯} on M and the orthonormal coframe field {ωi} on N respectively. We still use
the notaions in Section 3. Set
θW2 = (φ
i
0φ
i
0αθ
α + φi0φ
i
0α¯θ
α¯) + φi0φ
i
00θ
θW3 = (φ
i
0φ
i
0αθ
α + φi0φ
i
0α¯θ
α)
Clearly θW2 , θW3 are well-defined global 1-forms onM . In fact, θW2 is the 1-form correspond-
ing to the vector field 12∇|dφ(T )|2 and θW3 is the 1-form corresponding to the horizontal
gradient 12∇H |dφ(T )|2 = 12ΠH∇|dφ(T )|2.
By the commutative relations in section 3, we have
Lemma 5.1.
divθW2 = 2|φi0α|2 + |φi00|2 + φi0(φiαα¯0 + φiα¯α0 + φi000)− 2φi0φjαφk0φlα¯’Rijkl
+2φi0φ
i
βAβ¯α¯,α + 2φ
i
0φ
i
β¯Aβα,α¯ + 2φ
i
0φ
i
αβAβ¯α¯ + 2φ
i
0φ
i
α¯β¯Aβα; (5.1)
divθW3 = 2|φi0α|2 + φi0(φiαα¯0 + φiα¯α0)− 2φi0φjαφk0φlα¯’Rijkl
+2φi0φ
i
βAβ¯α¯,α + 2φ
i
0φ
i
β¯Aβα,α¯ + 2φ
i
0φ
i
αβAβ¯α¯ + 2φ
i
0φ
i
α¯β¯Aβα. (5.2)
Remark 5.1. In fact, divθW2 =
1
2∆|dφ(T )|2, and divθW3 = 12∆b|dφ(T )|2.
Definition 5.1. Let φ : M → N be a smooth map from a strictly pseudoconvex CR man-
ifold M into a Riemannian manifold N . The second fundamental form β is called split if
β(T,X) = 0 for any X ∈ H(M).
Remark 5.2. According to (3.7), the condition β(T,X) = 0 for X ∈ H(M) is not equiva-
lent to β(X,T ) = 0 for X ∈ H(M) in general. From Proposition 2.1 and (2.9), it is easy
to see that if φ is baisc, then the second fundamental form β is split. The next result shows
that if the domain CR manifold is compact, the converse is also true.
Lemma 5.2. Let φ : M → N be a smooth map from a compact strictly pseudoconvex CR
manifold M into a Riemannian manifold N . If the second fundamental form β is split, then
φ is basic.
Proof. By the integration by parts and the commutative formulae (3.7), we have
0 =
√−1
∫
M
(φiαφ
i
0α¯ − φiα¯φi0α)Ψ = −
√−1
∫
M
(φiαα¯φ
i
0 − φiα¯αφi0)Ψ = m
∫
M
|φi0|2Ψ.
Thus we have φi0 = 0, i.e., dφ(T ) = 0.
First, we prove the following result of Petit by the moving frame method.
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Proposition 5.1. (cf. [17]) Let (M2m+1, J, θ) be a compact Sasakian manifold and (N,h)
be a Riemannian manifold with nonpositive curvature. Suppose φ : M → N is a harmonic
map. Then φ is basic.
Proof. Since φ is harmonic, we have Dτ θ(φ) = 0. Consequently, φiαα¯0 + φ
i
α¯α0 + φ
i
000 = 0.
The Sasakian condition for M means that Aαβ = 0, for any α, β, then (5.1) becomes
divθW2 = 2|φi0α|2 + |φi00|2 − 2φi0φjαφk0φlα¯’Rijkl.
Since the sectional curvature of N is nonpositive, we take Tα =
1√
2
(eα − iJeα) and Tα¯ =
1√
2
(eα + iJeα) and compute the following curvature term to find
φi0φ
j
αφ
k
0φ
l
α¯
’Rijkl
= h(“R(dφ(T ), dφ(Tα¯))dφ(Tα), dφ(T ))
=
1
2
h(“R(dφ(T ), dφ(eα + iJeα))dφ(eα − iJeα), dφ(T ))
=
1
2
[h(“R(dφ(T ), dφ(eα))dφ(eα), dφ(T )) + h(“R(dφ(T ), dφ(Jeα))dφ(Jeα), dφ(T ))]
≤ 0.
Therefore
divθW2 ≥ 2|φi0α|2 + |φi00|2. (5.3)
The divergence theorem yields
φi00 = φ
i
0α = φ
i
0α¯ = 0.
The fact that φ is basic can be easily obtained by Lemma 5.2.
The next result shows that Petit type result is also true for pseudoharmonic maps.
Theorem 5.1. Let (M2m+1, J, θ) be a compact Sasakian manifold and (N,h) be a Rieman-
nian manifold with nonpositive curvature. Suppose φ : M → N is a pseudoharmonic map.
Then φ is basic and harmonic.
Proof. Since φ is pseudoharmonic, we get
φiαα¯0 + φ
i
α¯α0 = 0.
By (5.2), we have
divθW3 ≥ 2|φi0α|2 (5.4)
Thus φi0α = φ
i
0α¯ = 0. By Lemma 5.2 again, we get dφ(T ) = 0.
Remark 5.3. From Proposition 5.1 and Theorem 5.1, we see that if M is a compact
Sasakian manifold and N is a Riemannian manifold with nonpositive curvature, then φ :
M → N is harmonic if and only if it is pseudoharmonic.
Now we will use a technique in [18] to treat harmonic maps or pseudoharmonic maps
from complete noncompact CR manifolds.
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Proposition 5.2. Let (M,J, θ) be a complete noncompact Sasakian manifold of dimension
2m+1 and (N,h) be a Riemannian manifold with nonpositive curvature. Suppose φ :M →
N is either a harmonic map or a pseudoharmonic map. If φ satisfies
(
∫
∂Br
|dφ(T )|2dS)−1 /∈ L1(+∞), (5.5)
where dS is the area volume of ∂Br, then φ has split second fundamental form β.
Proof. We consider only the case φ is a harmonic map, because the other case is analogous.
By the divengence theorem, (5.3) gives
∫
∂Br
θW2(
∂
∂r
)dS ≥
∫
Br
(2|φi0α|2 + |φi00|2)Ψ. (5.6)
Recalling the definition of θW2 we have
∫
∂Br
θW2(
∂
∂r
)dS ≤ {
∫
∂Br
|φi0|2dS}
1
2 {
∫
∂Br
[2|φi0α|2 + |φi00|2]dS}
1
2 . (5.7)
Let
ζ(r) =
∫
Br
(2|φi0α|2 + |φi00|2)Ψ.
Then by the co-area formula, we get
ζ ′(r) =
∫
∂Br
(2|φi0α|2 + |φi00|2)dS.
Putting together (5.6) and (5.7) and squaring we finally get
ζ(r)2 ≤ (
∫
∂Br
|φi0|2dS)ζ ′(r). (5.8)
Next, we reason by contradiction and we suppose φi0α 6= 0. It follows that there exists a
R > 0 sufficiently large such that ζ(r) > 0, for every r ≥ R. Fix such an r. From (5.8) we
then derive
ζ(R)−1 − ζ(r)−1 ≥
∫ r
R
dt∫
∂Bt
|φi0|2
,
and letting r→ +∞ we contradict (5.5).
Corollary 5.1. Let (M,J, θ) be a complete noncompact Sasakian manifold of dimension
2m+1 and (N,h) be a Riemannian manifold with nonpositive curvature. Suppose φ :M →
N is either a harmonic map or a pseudoharmonic map. If φ satisfies
∫
Br
|dφ(T )|2Ψ ≤ Cr2, (5.9)
then φ has split second fundamental form β(φ).
Proof. Set
h(r) =
∫
Br
|dφ(T )|2Ψ.
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So, by the co-area formula, we have
h′(r) =
∫
∂Br
|dφ(T )|2dS.
From Proposition 3.1 of [19], we know that
r
h(r)
/∈ L1(+∞) implies 1h′(r) /∈ L1(+∞).
Suppose that φ satisfies (5.9), this implies
r
h(r)
/∈ L1(+∞).
Thus we deduce 1h′(r) /∈ L1(+∞), that is, φ satisfies (5.5). Hence we prove the corollary.
Proposition 5.3. Let φ : (M2m+1, J, θ) → (N,h) be a smooth map from a complete non-
compact strictly pseudoconvex CR manifoldM into a Riemannian manifold N . If the second
fundamental form β is split and
(
∫
∂Br
eH(φ)dS)
−1 /∈ L1(+∞), (5.10)
then φ is basic.
Proof. Since φ has split second fundamental form β, we have
m
∫
Br
|φi0|2Ψ = −
√−1
∫
Br
div(φi0φ
i
αθ
α − φi0φiα¯θα¯)Ψ
≤ 2{
∫
∂Br
|φi0|2dS}1/2{
∫
∂Br
|φiα|2dS}1/2.
Set η(r) =
∫
Br
|φi0|2Ψ. Then we have
m2
4
η(r)2 ≤ (
∫
Br
eH(φ)Ψ)η
′(r).
If φ is not basic, then for r > R,
η(R)−1 − η(r)−1 ≥
∫ r
R
dt∫
∂Bt
eH(φ)dS
,
where R is large enough such that η(R) > 0, and letting r→ +∞ we contradict (5.10).
Theorem 5.2. Let (M2m+1, J, θ) be a complete noncompact Sasakian manifold and (N,h)
be a Riemannian manifold with nonpositive curvature. Suppose φ : M → N is either a
harmonic map or a pseudoharmonic map. If φ satisfies
(
∫
∂Br
e(φ)dS)−1 /∈ L1(+∞), (5.11)
where e(φ) = 12tracegθ(φ
∗h) is the energy density of φ, then φ is a basic map.
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Proof. Since e(φ) = 12 |dφ(T )|2 + eH(φ), the condition (5.11) implies both (5.5) and (5.10).
It follows from Proposition 5.2 and 5.3 that φ is basic.
Corollary 5.2. Let (M,J, θ) be a complete noncompact Sasakian manifold of dimension
2m+1 and (N,h) be a Riemannian manifold with nonpositive curvature. Suppose φ :M →
N is either a harmonic map or a pseudoharmonic map. If φ satisfies
∫
Br
e(φ)Ψ ≤ Cr2, (5.12)
then φ is basic.
6 CR pluriharmonicity of harmonic and pseudoharmonic
maps
In this section, we give some conditions to ensure the CR pluriharmonicity for both
harmonic and pseudoharmonic maps from either a compact Sasakian manifold or a complete
Sasakian manifold. Recall that Petit [17] gave similar results for harmonic maps from
a compact Sasakian manifold by using tools of Spinorial geometry, although he didn’t
mention the notion of CR pluirharmonicity. The moving frame method, which enables us
to treat both cases of harmonic maps and pseudoharmonic maps, seems more closer to the
classical methods in differential geometry. Inspired by Sampson’s technique (cf. also [6]),
we introduce
θW4 = (φ
i
αφ
i
α¯βθ
β + φiα¯φ
i
αβ¯θ
β¯). (6.1)
Note that θW4 consists of partial terms of θW1 .
Lemma 6.1.
divθW4 = 2|φiαβ¯ |2 + φiαφiββ¯α¯ + φiα¯φiβ¯βα − 2φiαφjβφkα¯φlβ¯’Rijkl
−√−1(m− 1)(φiαφiβAα¯β¯ − φiα¯φiβ¯Aαβ)−
√−1(φiαφi0α¯ − φiα¯φi0α). (6.2)
Proof. Since the computation for deriving (6.2) is similar to that in Lemma 4.1, we omit
its details.
Theorem 6.1. Let (M,J, θ) be a compact Sasakian manifold of dimension 2m+1 and (N,h)
be a Riemannian manifold with nonpositive Hermitian curvature. Suppose φ : M → N is
either a harmonic map or a pseudoharmonic map. Then φ is CR pluriharmonic and
φiαφ
j
βφ
k
α¯φ
l
β¯
’Rijkl = 0. (6.3)
Proof. Since N has a nonpositive Hermitian curvature, the sectional curvature is nonpos-
itive. According to Proposition 5.1 and Theorem 5.1, we know that the conditon that φ
is harmonic is equivalent to that φ is pseudoharmonic. Besides, the map is basic in this
circumstance. By (3.7), we have φi
αβ¯
= φi
β¯α
for any α, β. Then we obtain τ(φ) = 2φi
ββ¯
Ei
and φi
β¯βα
= φi
ββ¯α
.
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By (6.2) and the fact that M is Sasakian, we get
divθW4 = 2|φiαβ¯ |2 + φiαφiββ¯α¯ + φiα¯φiβ¯βα − 2φiαφjβφkα¯φlβ¯’Rijkl
= 2|φiαβ¯ |2 +
1
2
〈〈dbφ,∇bτ(φ)〉〉 − 2φiαφjβφkα¯φlβ¯’Rijkl
= 2|φiαβ¯ |2 − 2φiαφjβφkα¯φlβ¯’Rijkl. (6.4)
Since N has nonpositive Hermitian curvature, we have
φiαφ
j
βφ
k
α¯φ
l
β¯
’Rijkl ≤ 0.
By the divergence theorem, we derive from (6.4) that φ is a CR pluriharmonic map with
property (6.3).
Let (Nn, h) be a Ka¨hler manifold. The curvature operator Q of N is defined by
〈Q(X ∧ Y ), Z ∧W 〉 = 〈R(X,Y )W,Z〉
for any X,Y,Z,W ∈ TM . The complex extension of Q to ∧2TCN is also denoted by Q.
We introduce
≪ Q(X ∧ Y ), Z ∧W ≫= 〈Q(X ∧ Y ), Z ∧W 〉.
The Ka¨hler identity of N yields
Q|∧(2,0)TCN = Q|∧(0,2)TCN = 0.
Set
Q(1,1) = Q : ∧(1,1)TCN → ∧(1,1)TCN.
Definition 6.1. (cf. [22]) Let (Nn, h) be a Ka¨hler manifold. The curvature tensor of (N,h)
is said to be strongly negative (resp. strongly semi-negative) if
≪ Q(1,1)(ξ), ξ ≫= 〈Q(1,1)(ξ), ξ〉 < 0 (resp. ≤ 0)
for any ξ = (Z ∧W )(1,1) 6= 0, Z,W ∈ Γ∞(TNC).
Remark 6.1. By comparing the Definitions 4.1 and 6.1, we find that the notions of non-
positive Hermitian curvature and strongly semi-negative curvature are equivalent for Ka¨hler
manifolds. However, we should point out that one cannot introduce the notion of negative
Hermitian curvature for Ka¨hler manifolds due to the Ka¨hler identity.
Let
θW5 = φ
i¯
αφ
i
α¯βθ
β + φiα¯φ
i¯
αβ¯θ
β¯. (6.5)
Then we have
divθW5 = 2|φiαβ¯ |2 + φi¯αφiββ¯α¯ + φiα¯φi¯β¯βα− ≪ Q(φα ∧ φβ), φα ∧ φβ ≫
−√−1(m− 1)(φi¯αφiβAα¯β¯ − φiα¯φi¯β¯Aαβ)−
√−1(φi¯αφi0α¯ − φiα¯φi¯0α). (6.6)
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Theorem 6.2. Let φ : (M2m+1, J, θ)→ (N,h) be a harmonic or pseudoharmonic map from
a compact Sasakian manifold into a Ka¨hler manifold with strongly semi-negative curvature.
Then φ is a CR pluriharmonic map and
〈〈Q(φα ∧ φβ), φα ∧ φβ〉〉 = 0, (6.7)
where φα = dφ(Tα).
Proof. Since strongly semi-negative curvature implies non-positive sectional curvature, we
get that φ must be pseudoharmonic and basic. Then we have φi
αβ¯
= φi
β¯α
and φi0α¯ = φ
i
0α = 0.
So we get τ(φ) = 2(φi
ββ¯
Ei + φ
i¯
ββ¯
Ei¯) = 0, i.e., φ
i
ββ¯
= φi¯
ββ¯
= 0. As M is Sasakian, by (6.6)
we have
divθW5 = 2|φiαβ¯ |2− ≪ Q(φα ∧ φβ), φα ∧ φβ ≫ . (6.8)
The divergence theorem implies φ is CR pluriharmonic and 〈〈Q(φα ∧ φβ), φα ∧ φβ〉〉 = 0.
Now we attempt to give some conditions to ensure CR pluriharmonicity for harmonic
and pseudoharmonic maps from complete noncompact Sasakian manifolds.
Theorem 6.3. Let (M,J, θ) be a complete noncompact Sasakian manifold and (N,h) be a
Riemannian manifold with nonpositive Hermitian curvature. Suppose φ :M → N is either
a harmonic map or a pseudoharmonic map. If φ satisfies
(
∫
∂Br
e(φ)dS)−1 /∈ L1(+∞), (6.9)
then φ is a CR pluriharmonic map with the property (6.3).
Proof. By Theorem 5.2, we get that φ is basic. Under the conditions in the theorem, by
(6.2) we have
divθW4 ≥ 2|φiαβ¯ |2.
Using the divergence theorem, we get
∫
∂Br
θW4(
∂
∂r
)dS ≥ 2
∫
Br
|φiαβ¯ |2Ψ. (6.10)
On the other hand, by the definition of θW4 , we have
∫
∂Br
θW4(
∂
∂r
)dS ≤ 2{
∫
∂Br
eH(φ)dS}
1
2{
∫
∂Br
|φiαβ¯ |2Ψ}
1
2 . (6.11)
Putting together (6.10) and (6.11) and squaring we finally get
γ(r)2 ≤ (
∫
∂Br
eH(φ)dS)γ
′(r), (6.12)
where we have set
γ(r) =
∫
Br
|φiαβ¯ |2Ψ.
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Next suppose that φ is not CR pluriharmonic. Then there exists a R > 0 sufficiently large
such that γ(R) > 0. For any r ≥ R, from (6.12) we can deduce
γ(R)−1 − γ(r)−1 ≥
∫ r
R
dt∫
∂Bt
eH(φ)
,
and letting r → +∞ we contradict (6.9). Hence φ is CR pluriharmonic. By definition, we
have θW4 ≡ 0. Then (6.2) implies that φ satisfies (6.3).
Corollary 6.1. Let (M,J, θ) be a complete noncompact Sasakian manifold and (N,h) be a
Riemannian manifold with nonpositive Hermitian curvature. Suppose φ :M → N is either
a harmonic map or a pseudoharmonic map. If φ satisfies
∫
Br
e(φ)Ψ ≤ Cr2,
then φ is a CR pluriharmonic map with the property (6.3).
Theorem 6.4. Let φ : (M2m+1, J, θ) → (N,h) be a harmonic or pseudoharmonic map
from a complete noncompact Sasakian manifold into a Ka¨hler manifold with strongly semi-
negative curvature. If φ satisfies
(
∫
∂Br
e(φ)dS)−1 /∈ L1(+∞), (6.13)
then φ is a CR pluriharmonic map with the property (6.7).
Proof. Obviously, the map φ is basic, and hence φi
αβ¯
= φi
β¯α
. It follows from (6.8) and the
divergence that
2
∫
Br
|φiαβ¯ |2Ψ ≤
∫
Br
divθW5Ψ =
∫
∂Br
θW5(
∂
∂r
)dS.
By the definition of θW5 , we have
∫
∂Br
θW5(
∂
∂r
)dS ≤ 2{
∫
∂Br
|φiα¯|2dS}1/2{
∫
∂Br
|φiα¯β|2dS}1/2.
Set
ρ(r) =
∫
Br
|φiα¯β |2Ψ.
Then
ρ(r)2 ≤ ρ′(r)(
∫
∂Br
|φiα¯|2dS). (6.14)
Suppose that φ isn’t CR pluriharmonic, then there exists a R > 0 sufficiently large such
that ρ(r) > 0 for any r > R. Fix such a R. From (6.14) we deduce the following
ρ(R)−1 − ρ(r)−1 ≥
∫ r
R
dt∫
∂Br
|φiα¯|2
,
and letting r→ +∞ we contradict (6.13). Hence φ is CR pluriharmonic. By definition, we
get that θW5 ≡ 0. Then (6.6) implies that φ satisfies (6.7).
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Corollary 6.2. Let φ : (M2m+1, J, θ) → (N,h) be a harmonic or pseudoharmonic map
from a complete noncompact Sasakian manifold into a Ka¨hler manifold with strongly semi-
negative curvature. If φ satisfies
∫
Br
e(φ)Ψ ≤ Cr2,
then φ is a CR pluriharmonic map with the property (6.7).
7 Siu-Sampson type results
In this section, we will establish some results of Siu-Sampson type for both harmonic
maps and pseudoharmonic maps from compact Sasakian manifolds. Similar to the results
for harmonic maps from Ka¨hler manifolds in [5, 21, 22], we may derive CR holomorphicity
under rank conditions for harmonic and pseudoharmonic maps from compact Sasakian
manifolds by analysing the curvature equations (6.7). Note that Petit [17] also gave the CR
holomorphicity results for harmonic maps from Sasakian manifolds using spinorial geometry.
As mentioned previously, our method is different from his. Besides recapturing Petit’s
results by using the moving frame method, we also add some new results which include
the results for pseudoharmonic maps, the conic extension of harmonic maps from Sasakian
manifolds and a unique continuation theorem for CR holomorphicity.
Suppose now that the target manifold N is a locally symmetric space of noncompact
type. Then the universal covering manifold of N is a symmetric space G/K, where K is
a connected and closed subgroup of the noncompact connected Lie group G, and G/K is
given the invariant metric determined by the Killing form 〈, 〉 on g. If the corresponding
Cartan decomposition of the Lie algebra of G is g = k + p, then the real tangent space of
N at any point can be identified with p. The curvature tensor of N is given by
R˜(X,Y )Z = −[[X,Y ], Z],
for any X,Y,Z ∈ p, and the Hermitian curvature of N is given by
〈R˜(X,Y )Y ,X〉 = 〈[X,Y ], [X,Y ]〉. (7.1)
Therefore, (6.3) yields that
[dφ(Tα), dφ(Tβ)] = 0, (7.2)
for any α, β. In this way, we get
Proposition 7.1. Let (M,J, θ) be a compact Sasakian manifold and N a locally symmetric
space of noncompact type. If φ : M → N is either a harmonic map or a pseudoharmonic
map, then φ is CR pluriharmonic and for any x ∈ M , dφx maps T1,0Mx onto an abelian
subspace W of p⊗ C.
Under the assumption of Proposition 7.1, the image under dφx of real tangent space
TxM is the subspace of real points of space W +W ⊂ TCφ(x)N , so that
dimRdφx(TxM) = dimC(W +W ) ≤ 2dimCW.
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Hence we obtain the following estimate:
rankR(dφ) ≤ 2max{dimCW |W ⊂ p⊗ C, [W,W ] = 0}. (7.3)
When G = SO(1, n), then dimW ≤ 1 (cf. [21]). Thus we get the following result.
Corollary 7.1. Let (M,J, θ) be a compact Sasakian manifold and N a manifold of constant
negative curvature. If φ :M → N is harmonic or pseudoharmonic, then rankR(dφ) ≤ 2.
If G/K is a Hermitian symmetric space, then corresponding to any invariant complex
structure on G/K we have the decomposition
p⊗ C = p1,0 ⊕ p0,1,
and the integrability condition [p1,0, p1,0] ⊂ p1,0 is equivalent, in view of [p, p] ⊂ k, to
[p1,0, p1,0] = 0, thus p1,0 is an abelian subalgebra of p⊗ C.
Lemma 7.1. (cf. [5]) Let G/K be a symmetric space of non-compact type. Let W ⊂ p⊗C
be an abelian subspace. Then dimW ≤ 12dimp⊗ C. Equality holds in this inequality if and
only if G/K is Hermitian symmetric and W = p1,0 for any invariant complex structure on
G/K.
From (7.3) and Lemma 7.1, we get immediately the following result.
Corollary 7.2. Let φ :M → N be as in Proposition 7.1 and suppose that N is not locally
Hermitian symmetric. Then rankdφ < dimN .
The above corollary use only the case of strict inequality in Lemma 7.1. We have treated
the case of equality in such detail in order to obtain the following theorem.
Theorem 7.1. Let (M,J, θ) be a compact Sasakian manifold and N a locally Hermitian
symmetric space of noncompact type whose universal cover does not contain the hyperbolic
plane as a factor. If φ :M → N is either a harmonic map or a pseudoharmonic map, and
there is a point x ∈M such that dφ(TxM) = Tφ(x)N , then φ is CR holomorphic.
Proof. Since dφ(T1,0M) is an abelian subspace of half the dimension, it must be p
1,0 for
an invariant complex structure on N , i.e., dφx(T1,0Mx) = p
1,0. Consequently this property
must hold on a neighborhood U of x. By Proposition 7.1 and Proposition 2.4, we have
dφ(T ) = 0. Therefore, the map φ is CR holomorphic on U . We get that the map φ is CR
holomorphic on M by the following unique continuation Proposition 7.3.
Now, we will give some fundamental knowledge about the warped product. Let (B, gB)
and (S, gS) be two Riemannian manifolds and f be a positive smooth function on B. Con-
sider the product manifold B × S with its natural projections piB : B × S → B and
piS : B × S → S. The warped product B ×f S is the manifold B × S furnished with the
following Riemannian metric
g˜ = pi∗B(gB) + (f ◦ piB)2pi∗S(gS). (7.4)
The Levi-Civita connection of N = B ×f S can now be related to those of B and S as
follows.
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Lemma 7.2. (cf. [16, p. 206]) Let ∇˜, B∇ and S∇ be the Levi-Civita connections on N , B
and S respectively. If X, Y are vector fields on S and V ,W are vector fields on B, the lift
of X,Y, V,W to B ×f S is also denoted by the same notations, then
(i) ‹∇VW is the lift of B∇VW
(ii) ‹∇VX = ‹∇XV = V ff X;
(iii) (‹∇XY )B = −(g˜(X,Y )/f)gradf ;
(iv) (‹∇XY )S is the lift of S∇XY on S.
Now we consider the special case: let (M,θ, J) be a strictly pseudoconvex CR manifold
and C(M) be the manifold R+ ×r M endowed with the metric g˜ = dr2 + r24 gθ. Therefore,
by Lemma 7.2, we have
‹∇ ∂
∂r
∂
∂r
= 0, ‹∇ ∂
∂r
X = ‹∇X ∂
∂r
=
1
r
X, ‹∇XY = ∇θXY − 14gθ(X,Y )r
∂
∂r
. (7.5)
Proposition 7.2. (cf. [2]) If (M,J, θ) is a Sasakian manifold, then (C(M), g˜) is Ka¨hler.
Proof. Set ζ = r2
∂
∂r and define smooth section of EndTC(M) by the formula
J˜Y = JY − θ(Y )ζ, J˜ζ = T. (7.6)
It is easy to see that J˜ is an almost complex structure on C(M) and the metric g˜ is
Hermitian. From (7.5) and (7.6) we can show that ‹∇J˜ = 0. Thus C(M) is Ka¨hler.
By (2.4), (7.5) and (7.6), we can derive the following Lemmas 7.3, 7.4 and 7.5.
Lemma 7.3. Let (M2m+1, J, θ) be a Sasakian manifold, (C(M), g˜) its cone manifold,
(Nn, h) a Riemannian manifold. If φ : M → N is a harmonic map, then the conic ex-
tension φ˜ : C(M)→ N defined by
φ˜(x, r) = φ(x) (7.7)
is also harmonic.
Lemma 7.4. Let (M2m+1, J, θ) be a Sasakian manifold, (C(M), g˜) its cone manifold, (N,h)
a Riemannian manifold. If φ :M → N is a CR pluriharmonic map, then the conic extension
φ˜ is a pluriharmonic map.
Lemma 7.5. Let φ : (M,J, θ) → (N,h, J ′) be a smooth map from a Sasakian manifold to
a Ka¨hler manifold, (C(M), g˜) the cone manifold of M , the conic extension of φ is defined
by (7.7). Then φ is a CR holomorphic (resp. CR anti-holomorphic) map if and only if φ˜
is holomorphic (resp. anti-holomorphic).
In [22], Siu derived the following unique continuation theorem for holomorphicity.
Lemma 7.6. (cf. [22]) Suppose M,N are two Ka¨hler manifolds and φ : M → N is a
harmonic map. Let U be a nonempty open subset of M . If φ is holomorphic (resp. anti-
holomorphic) on U , then φ is holomorphic (resp. anti-holomorphic) on M .
From the Lemmas 7.3, 7.5 and 7.6, we get the following unique continuation theorem.
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Proposition 7.3. Let φ : (M2m+1, J, θ) → (N,h) be a harmonic map from a connected
Sasakian manifold to a Ka¨hler manifold. Let U be a nonempty open subset of M . If φ is
CR holomorphic (resp. CR anti-holomorphic) on U , then φ is CR holomorphic (resp. CR
anti-holomorphic ) on M .
Proof. From Lemma 7.3, we know that φ˜ : C(M) → N is harmonic. Suppose φ is CR
holomorphic on U . It follows from Lemma 7.5 that φ˜ is holomorphic on R+ ×r U . Using
Lemmas 7.5 and 7.6, we conclude that φ is CR holomorphic on M .
Now we may establish the following results.
Theorem 7.2. Let (M2m+1, J, θ) be a compact Sasakian manifold and N be a Ka¨hler
manifold with strongly negative curvature. Suppose φ :M → N is either a harmonic map or
a pseudoharmonic map, and rankRdφ ≥ 3 at some point of M , then φ is CR holomorphic
or CR anti-holomorphic on M .
Proof. From Theorem 6.2 and Lemma 7.3, we know that φ˜ is harmonic. By Siu’s results,
we have φ˜ is ±holomorphic on C(M). By Proposition 7.3, we conclude that φ is CR
±holomorphic on M .
Keeping in mind Udagawa’s proof to Theorem 4 of [26] the following result is relevant.
Theorem 7.3. Every CR pluriharmonic map φ : (M,J, θ) → (N,h) from a Sasakian
manifold M into an irreducible Hermitian symmetric space N of compact or noncompact
type is CR ±holomorphic if MaxMrankRdφ ≥ 2P (N) + 1, where P (N) is the degree of
strong non-degenerate of the bisectional curvature of N (cf. [23] for the definition of the
degree of strong non-degenerate of the bisectional curvature of N).
Proof. By Lemma 7.4, we have φ˜ is pluriharmonic. Since MaxMrankRdφ ≥ 2P (N) +
1 implies that MaxC(M)rankRdφ˜ ≥ 2P (N) + 1, by Theorem 4 of [26] we get that φ˜ is
±holomorphic. From Lemma 7.5, we prove that φ is CR ±holomorphic.
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